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REVIEW QUESTION: GUMBALL MACHINE HMMS
3

▸ Our review question today comes courtesy of Mark 
Hasegawa-Johnson, a senior speech processing 
professor at the University of Illinois Urbana-Champaign


https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

Gumball machines in a Diner at Dallas, Texas, in 2008," Andreas Praefcke, public domain image.

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf
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REVIEW QUESTION: OBSERVATION PROBABILITIES
4

Machine q1 Machine q2

60% grapefruit

40% apple

10% grapefruit

90% apple
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REVIEW QUESTION: INITIAL STATE PROBABILITIES
5

Flip fair coin: start in? 

Heads → q1

Tails: → q2

q1 q2
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REVIEW QUESTION: TRANSITION PROBABILITIES
6

q1 q2

After already used a machine…

Flip 2 fair coins: stay or change? 


HH   → change

else  → stay
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REVIEW QUESTION: OBSERVATION SEQUENCE
7

Cerys bought 3 gumballs, with the following order:
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REVIEW QUESTION: DEFINITION OF OBS AND HMM
8

▸ Use the description of the gumball scenario to fill out the 
following and define the observation sequence of T 
consecutive observations, , the 
hidden state sequence , and the 
HMM   :


▸ Observation sequence  


▸ Hidden state sequence 


▸ Initial state probabilities   = ?


▸ Transition probabilities  = ?


▸ Observation probabilities  = ?  (n.b. 

X = ⟨x1, x2, …, xj, …, xT⟩
Q = ⟨q1, q2, …, qi, …, qT⟩

Λgumball = {πi, aij, bj(x) ∀i, j}

X = ?

Q = ?

πi = p(q1 = i) ∀i

aij = p(qt = j |qt−1 = i) ∀i, j

bj ∀j
bj(x) = p(xt = x |qt = j)
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REVIEW QUESTION: DEFINITION OF OBS AND HMM
9

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf
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THREE BASIC PROBLEMS FOR HMMS
10

Rabiner (1989)

Recognition:

Given ,

 Is ?


Segmentation:

What is ?


Training: 

Given ,

Can we find  s.t.

 

Λ1, Λ2, X
p(X |Λ1) > p(X |Λ2)

p(qt = i |X, Λ)

Λ, X
Λ′￼

p(X |Λ′￼) > p(X > Λ)
https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

▸ Come up with an example 
of each problem for our 
gumball scenario!

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf
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THREE BASIC PROBLEMS FOR HMMS
11

Recognition:

Given ,

 Is ?


Segmentation:

What is ?


Training: 

Given ,

Can we find  s.t.

 

Λ1, Λ2, X
p(X |Λ1) > p(X |Λ2)

p(qt = i |X, Λ)

Λ, X
Λ′￼

p(X |Λ′￼) > p(X > Λ)

Compute overall likelihood: 

Forward algorithm

Decode most likely state sequence: 

Viterbi algorithm

Estimate most likely parameters:

EM (Forward-Backward) algorithm
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A SEGMENTATION/STATE DECODING PROBLEM
12

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

▸ Cerys bought three gum balls. The first was an apple, 
the second a grapefruit and the third an apple


▸ Unfortunately, the second of the three quarters Cerys 
used was my special birth year quarter I’d be hanging 
onto for a few decades since I got it from the tooth fairy 
and I want that back! 


▸ Which gumball machine do I need to break into to get 
my special quarter back?

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf
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DECODING AND ALIGNMENT: STEP BY STEP
13

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

▸ Observation sequence is:  


▸ Given the observed sequence, what is the probability 
that we were in Machine 1 in time step 2? The 
probability that we were in Machine 2 in time step 2?


▸ Compute the posterior state probability for time step 2: 

X = ⟨A, G, A⟩

γ2(i)

γt(i) =
p(X, qt = i |Λ)

∑N
k=1 p(X, qt = k |Λ)

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf
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DECODING AND ALIGNMENT: STEP BY STEP
14

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

▸ Observation sequence is:  


▸ Compute the forward probability 
 for time step 1, i.e., 




▸ What is  in terms of initial state probabilities  
and observation probability ?


X = ⟨A, G, A⟩

αt(i) = p(x1, …, xt, qt = i |Λ)
α1(i) = p(x1, q1 = i |Λ)

α1(i) πi
bi(x1)

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf
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FORWARD ALGORITHM AS STATE-TIME TRELLIS
15

q1

q2

q1 q1

q2 q2

t -1 t +1t
α1(i) α2(i) α3(i)

Exploit Markov assumption: probability of 
being in some state j at next time step 

dependent only on state at current time state 
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DECODING AND ALIGNMENT: STEP BY STEP
16

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

▸ Observation sequence is:  


▸ Compute the forward probability 
 for time step 1, i.e., 




▸ Compute the forward probability for time step 2:     

what is  ?

X = ⟨A, G, A⟩

αt(i) =def p(x1, …, xt, qt = i |Λ)
α1(i) =def p(x1, q1 = i |Λ)

α2( j) =
2

∑
i=1

α1(i)aijbj(x2)

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf
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DECODING AND ALIGNMENT: STEP BY STEP
17

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

▸ Observation sequence is:  


▸ Compute the backward probability 
 for time step 2, i.e., 




▸ Note that    (Why?)


▸ What is  ?

X = ⟨A, G, A⟩

βt(i) =def p(xt+1, …xT |qt = i, Λ)
β2(i) =def p(x2+1, x2 |q2 = i, Λ)

β3(i) = 1, 1 ≤ i ≤ N

β2(i) =
2

∑
j=1

aijbj(x3)β3( j)

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf


LINGUIST 592B, FALL 2021, CLASS 9.2-10.1

DECODING AND ALIGNMENT: LAST STEP
18

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

▸ Observation sequence is:  


▸ Given the observed sequence, what is the probability 
that we were in Machine 1 in time step 2? The 
probability that we were in Machine 2 in time step 2?


▸ Compute the posterior state probability for time step 2: 

X = ⟨A, G, A⟩

γ2(i) =
α2(i)β2(i)

∑2
k=1 α2(k)β2(k)

γt(i) =
p(X, qt = i |Λ)

∑N
k=1 p(X, qt = k |Λ)

=
αt(i)βt(i)

∑N
k=1 αt(k)βt(k)

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf
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SPEECH RECOGNITION 
ARCHITECTURE
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FUNDAMENTAL EQUATION OF SPEECH RECOGNITION
20

W* = arg max
W

P(W |X)

Word 
sequence

Observations 

(Acoustic feature vectors)

Most likely 
word sequence
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FUNDAMENTAL EQUATION OF SPEECH RECOG
21

W* = arg max
W

P(W |X)

P(W |X) =
P(X |W)P(W)

P(X)
∝ P(X |W)P(W)

W* = arg max
W

P(X |W) P(W)

Language 
Model

Acoustic 
Model
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https://www.researchgate.net/profile/Tom-Nuorivaara/publication/307560344/figure/fig1/
AS:401591556427776@1472758296782/The-structure-of-a-typical-ASR-system.png

W* = arg max
W

P(X |W) P(W)

Language 
Model

Acoustic 
Model

X

W*

P(W |X)

P(W)

https://www.researchgate.net/profile/Tom-Nuorivaara/publication/307560344/figure/fig1/AS:401591556427776@1472758296782/The-structure-of-a-typical-ASR-system.png
https://www.researchgate.net/profile/Tom-Nuorivaara/publication/307560344/figure/fig1/AS:401591556427776@1472758296782/The-structure-of-a-typical-ASR-system.png


LINGUIST 592B, FALL 2021, CLASS 9.2-10.1

CLASSICAL SPEECH RECOGNITION
23

https://jonathan-hui.medium.com/speech-recognition-gmm-hmm-8bb5eff8b196
https://web.stanford.edu/class/archive/cs/cs224n/cs224n.1174/lectures/cs224n-2017-lecture12.pdf

Pronunciation model = Lexicon

https://jonathan-hui.medium.com/speech-recognition-gmm-hmm-8bb5eff8b196
https://web.stanford.edu/class/archive/cs/cs224n/cs224n.1174/lectures/cs224n-2017-lecture12.pdf
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NEURAL NETWORK “INVASION”
24

https://web.stanford.edu/class/archive/cs/cs224n/cs224n.1174/lectures/cs224n-2017-lecture12.pdf

https://web.stanford.edu/class/archive/cs/cs224n/cs224n.1174/lectures/cs224n-2017-lecture12.pdf
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INTERSPEECH 2021
25

https://www.interspeech2021.org/tutorials

https://www.interspeech2021.org/tutorials
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NEXT-GEN KALDI
26

https://github.com/k2-fsa/k2
“The vision of k2 is to be able to seamlessly 
integrate Finite State Automaton (FSA) and 
Finite State Transducer (FST) algorithms into 
autograd-based machine learning toolkits like 
PyTorch and TensorFlow.”

https://github.com/k2-fsa/k2
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WEIGHTED FSA AND AUTODIFF
27

https://awnihannun.com/writing/automata_ml.html

https://awnihannun.com/writing/automata_ml.html
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AUTOMATA-THEORETIC NEURAL NETS
28

https://icgi2020.lis-lab.fr/speakers/#Gail

https://icgi2020.lis-lab.fr/speakers/#Gai
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FINITE STATE TRANSDUCERS

 IN ASR
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REFERENCES FOR WEIGHTED FSTS IN ASR
30

https://k2-fsa.github.io/k2/core_concepts/index.html#a-simple-fsa-example

https://k2-fsa.github.io/k2/core_concepts/index.html#a-simple-fsa-example
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FST COMPOSITION
31

http://www.fit.vutbr.cz/~grezl/ZRE/lectures/2019_KaldiSlidesForZRE.pdf

H ∘ (C ∘ (L ∘ G))

http://www.fit.vutbr.cz/~grezl/ZRE/lectures/2019_KaldiSlidesForZRE.pdf
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HIDDEN MARKOV MODEL: GRAPHICAL MODEL
32

https://commons.wikimedia.org/wiki/File:Graphical_model_for_HMM.PNG

https://commons.wikimedia.org/wiki/File:Graphical_model_for_HMM.PNG
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HMM: FINITE STATE AUTOMATON
33

H ∘ (C ∘ (L ∘ G))
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HMM FINITE STATE ACCEPTOR
34

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf

https://courses.physics.illinois.edu/ece417/fa2021/lectures/lec14.pdf
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HMM FINITE STATE ACCEPTOR
35

H ∘ (C ∘ (L ∘ G))

Input: d1d2d2d3, 

          d1d3d2d3

Beginning        Middle           End
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CONTEXT INDEPENDENT VS. DEPENDENT
36

https://www.inf.ed.ac.uk/teaching/courses/asr/2020-21/asr07-cdhmm.pdf

https://www.inf.ed.ac.uk/teaching/courses/asr/2020-21/asr07-cdhmm.pdf
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FOUR TYPES OF FINITE STATE AUTOMATA
37

https://www.cs.jhu.edu/~jason/405/lectures1-2/sld065.htm

https://www.cs.jhu.edu/~jason/405/lectures1-2/sld065.htm
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A FINITE STATE GRAMMAR
38

Mohri et al. 2008 Fig. 17a

H ∘ (C ∘ (L ∘ G))

(Input) 
Label Weight

What kind of finite state automaton is this?
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A FINITE STATE LEXICON
39

Mohri et al. 2008 Fig. 17b

H ∘ (C ∘ (L ∘ G))Input Output

What kind of finite state automaton is this?
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A FINITE STATE CONTEXT-DEPENDENCY MAP
40

Mohri et al. 2008 Fig. 15a

H ∘ (C ∘ (L ∘ G))

What kind of finite state automaton is this?
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COMPUTATIONS USE OPEN FST
41

https://www.openfst.org/

▸ See background materials at


▸  https://www.openfst.org/twiki/bin/view/FST/FstBackground


https://www.openfst.org/
https://www.openfst.org/twiki/bin/view/FST/FstBackground
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WEIGHTED FINITE STATE ACCEPTOR
42

Input: ab
Weight: 5 + 1 + 2 + 3 = 11

Mohri 1997, Figure 9

▸ In ASR, weights typically probability or -log(probability)


▸ Computation with weights determined by algebraic 
structures called semirings
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SEMIRINGS
43

From https://www.openfst.org/twiki/pub/FST/FstHltTutorial/tutorial_part1.pdf

Or [0,1]!

No requirement 
for additive 

inverse!

https://www.openfst.org/twiki/pub/FST/FstHltTutorial/tutorial_part1.pdf
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SEMIRING EXAMPLE: ACCEPTOR
44

From https://www.openfst.org/twiki/pub/FST/FstHltTutorial/tutorial_part1.pdf

https://www.openfst.org/twiki/pub/FST/FstHltTutorial/tutorial_part1.pdf
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SEMIRING EXAMPLE: TRANSDUCER
45

From https://www.openfst.org/twiki/pub/FST/FstHltTutorial/tutorial_part1.pdf

https://www.openfst.org/twiki/pub/FST/FstHltTutorial/tutorial_part1.pdf
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COMPOSITION EXAMPLE
46

Mohri et al. 2002 Fig. 3

First, ignore weights
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Mohri et al. 2008 Fig. 17c, d

L ∘ G

det(L ∘ G)

COMPOSITION OF LEXICON AND GRAMMAR
Weighted finite state 

transducer
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Mohri et al. 2008 Fig. 17d, e

det(L ∘ G)

mintrop(det(L ∘ G))

DETERMINIZATION AND MINIMIZATION
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Mohri et al. 2008 Fig. 17d, f

det(L ∘ G)

minlog(det(L ∘ G))

DETERMINIZATION AND MINIMIZATION
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INCREASING COMPUTATIONAL EFFICIENCY

Mohri et al. 2008
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HMMS FOR NEURONS!
51

https://www.nature.com/articles/s41467-019-10994-4

https://www.nature.com/articles/s41467-019-10994-4
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https://www.nature.com/articles/s41467-019-10994-4

https://www.nature.com/articles/s41467-019-10994-4
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https://distill.pub/2017/ctc/

CONNECTIONIST TEMPORAL CLASSIFICATION 

https://distill.pub/2017/ctc/

